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We complete the classiﬁcation the Lee-extremal self-dual codes
over the ring F2 + uF2 of lengths 21 and 22 with a nontrivial
automorphism of odd prime order except the case for an auto-
morphism of order 3 with seven cycles, and we partially classify
the exceptional case. In particular, we show that there are 138
(respectively, 6723) inequivalent Lee-extremal self-dual codes of
length 21 (respectively, 22) with an automorphism of odd prime
order. We use the decomposition theory for self-dual codes over
F2 + uF2 with an automorphism of odd prime order as the same
approaches made by Huffman. And we also use an extension
method as a new approach, and the current approach is extending
the even subcode part while the ﬁxed subcode part is extended in
the authors’ previous work.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
There has been of great interest in codes over the ring Z4 of integers modulo 4 because of their
connection with the nonlinear binary Kerdock and Preparata codes [5] and unimodular lattices [2]. An-
other ring F2+uF2 is of the same size as Z4, and codes over the ring F2 +uF2 have been also getting
some attention due to their usefulness for construction of Hermitian modular forms [1] and Gaussian
lattices [4]. Recently, Huffman [8,9] classiﬁes all Lee-extremal and Lee-optimal self-dual codes over
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972 H.J. Kim, Y. Lee / Finite Fields and Their Applications 18 (2012) 971–992F2 + uF2 of lengths 9 through 20 with a nontrivial automorphism of odd order by using a general
theory of decomposition of self-dual codes over F2 + uF2 with an automorphism of odd prime order.
We complete the classiﬁcation the Lee-extremal self-dual codes over the ring F2 + uF2 of lengths
21 and 22 with a nontrivial automorphism of odd prime order except the case for an automorphism of
order 3 with seven cycles, and we partially classify the exceptional case. We use the decomposition
theory of self-dual codes C over F2 + uF2 with an automorphism of odd prime order as the same
approaches in [8–10]. And we also use an extension method as a new approach, and the current
approach is extending the even subcode part ε1(σ )∗ while in the previous work [10] we extend the
ﬁxed subcode part C(σ ), where σ is an automorphism of prime order and C can be expressed as a
direct sum of the C(σ ) part and the ε1(σ )∗ part (see Section 5 for details). We use the Gray map
from F2 + uF2 to F2 × F2 for construction of subcode part C(σ ) and for selecting out inequivalent
codes over F2 + uF2. (A detailed strategy is given in Section 3.)
We brieﬂy explain our computation results. For construction of self-dual codes over the ring F2 +
uF2 with a nontrivial automorphism of prime order p of lengths 21 and 22, we ﬁrst show that the
only possible primes p are 3, 5, and 7. For the case p = 3, the only possible numbers of cycles are
4, 5, 6, and 7. We complete the cases of 4, 5, 6 for numbers of 3-cycles by using the method of
decomposition, and we compute the last case when the number of 3-cycles is seven by an extension
method. For the cases p = 5 and 7, we show that the only possible number of cycles is four, and
we ﬁnd that up to equivalence, there exist precisely 31 (respectively, 106) inequivalent Lee-extremal
self-dual codes of length 21 (respectively, 22) having an automorphism of order 5, all of which have
an automorphism of type 5-(4,1) (respectively, 5-(4,2)). And we show that up to equivalence, there
are exactly 8 (respectively, 33) Lee-extremal self-dual codes of length 21 (respectively, 22) with an
automorphism of order 7.
This paper is organized as follows. In Section 2, we brieﬂy explain the method of decomposition
of self-dual codes over F2 + uF2 with an automorphism of odd prime order. In Section 3, we explain
our computation strategy step by step, and we also present our approach for checking equivalence of
codes. In Section 4 (respectively, Section 5), we classify extremal self-dual codes over F2 + uF2 with
an automorphism of odd prime order for the case of length 21 (respectively, the case of length 22).
Section 6 presents an extension method (Theorem 6.1) for construction of self-dual codes F2 + uF2
with an automorphism of odd prime order.
2. Preliminaries
The ring F2+uF2 = {0,1,u, v = 1+u} is a 2-dimensional algebra over F2 with a nilpotent element
u where u2 = 0. In this ring F2 + uF2, addition is given by (a + bu) + (c + du) = (a + c) + (b + d)u
and multiplication by (a + bu)(c + du) = ac + (ad + bc)u where a,b, c,d ∈ F2. The units of F2 + uF2
are 1 and v . This ring can be generalized to the ring Fq + uFq , a 2-dimensional algebra over the ﬁeld
Fq with q elements. The units of Fq + uFq are precisely those of the form a + bu where a = 0.
We consider self-dual codes over F2 + uF2. We ﬁrst deﬁne the ordinary inner product 〈·,·〉 on





where x= x1x2 . . . xn and y= y1 y2 . . . yn are in (F2 + uF2)n . The dual code C⊥ of C is the code
C⊥ = {x ∈ (F2 + uF2)n ∣∣ 〈x,y〉 = 0 for all y ∈ C}.
We say that C is self-orthogonal if C ⊆ C⊥ and self-dual if C = C⊥ . The length of binary self-dual codes
is always even, but self-dual codes over F2 + uF2 can have odd length.
Regarding codes over F2 + uF2, we consider two weights as follows. For x ∈ (F2 + uF2)n , let n1(x)
be the number of components of x equaling 1 or v and n2(x) be the number of components of
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n1(x) + 2n2(x). The minimum Lee (resp. Hamming) weight of a code C is the smallest nonzero Lee
(resp. Hamming) weight of a codeword in C . We deﬁne G : F2 + uF2 → F22 by G(0) = 00,G(1) =
10,G(v) = 01, and G(u) = 11. When x is in (F2 + uF2)n , we apply G to each component of x. For a
code C of length n over F2+uF2, the binary code G(C) of length 2n is called the Gray image of C . This
map is F2-linear, and so if C is a linear code of length n over F2 + uF2, then G(C) is a binary linear
code of length 2n. We have wtL(x) =wt(G(x)), where wt denotes the ordinary Hamming weight of a
binary vector. In fact, if the Lee distance between vectors x and y is wtL(x− y), then G is an isometry
from (F2 + uF2)n under Lee distance to F2n2 under Hamming distance [4].
In a self-orthogonal code over F2 + uF2, the Lee weight of a codeword is always even. We call
a self-dual code Type II if all its codewords have Lee weight a multiple of 4 and Type I if its some
codeword has Lee weight 2 modulo 4. We know that the Hamming weight of a codeword must be
even in binary self-dual codes. However, self-dual codes over F2 + uF2 can have codewords with
odd Hamming weight. We call a self-dual code over F2 + uF2 Type IV if all its codewords have even
Hamming weight. A Type IV code will also be either Type I or Type II. The following result is proved
in [4], with statements about Type IV codes from [3]. It is useful in determining whether self-dual
codes are Type I, II, and/or IV.
Theorem 2.1. (See [8, Theorem 1.2].) Let C be a self-dual code over F2 + uF2 of length n and minimum Lee
weight dL . If C is Type II then dL  4
n/12 + 4. If C is Type I, then dL  4
n/12 + 2 if n ≡ 0 (mod 12),
dL  4
n/12 + 6 if n ≡ 11 (mod 12), and dL  4
n/12 + 4 otherwise.
No general bound is known yet for the minimum Hamming weight of a self-dual code over F2 +
uF2.
The main classiﬁcation technique of this paper is developed in [8]. Suppose X is an indeterminate
and r is odd. Let (Xr − 1) and 〈Xr − 1〉 be the principal ideals of F2[X] and F2 + uF2[X], respectively,
generated by (Xr − 1) and 〈Xr − 1〉. Let Rr = F2 + uF2[X]/〈Xr − 1〉 and Rr = F2[X]/(Xr − 1). By [8,
Lemma 2.1], we have Rr =Rr ⊕ uRr , and the ring Rr is semisimple. Let Xr −1=∏ti=0mi(X), where
mi(X) is irreducible over F2 with m0(X) = X − 1, and deﬁne Ii to be the principal ideal of Rr
generated by (Xr − 1)/mi(X). Then Rr = I0 ⊕ I1 ⊕ · · · ⊕ It and Rr = (I0 + uI0) ⊕ (I1 + uI1) ⊕
· · · ⊕ (It + uIt). Each Ii is an extension ﬁeld of F2 of order 2di where di is the degree of mi(X). Also
IiI j = 0 when i = j, and I0 = {k(1+ X +· · ·+ Xr −1) | k ∈ F2} ∼= F2. For any integer b relatively prime
to r, deﬁne τb : Rr → Rr by τb(∑r−1i=0 ci X i) =∑r−1i=0 ci Xbi . Then τb is the identity on I0, permutesI1, . . . ,It , and if τb(Ii) = I j , τb is a ﬁeld isomorphism of Ii onto I j . The map τb can be extended
to a ring automorphism of Rr by τb( f (X) + ug(x)) = τb( f (X)) + uτb(g(X)). If τb(Ii) = I j , τb is a
ring isomorphism of Ii + uIi onto I j + uI j . The polynomial a0 + a1X + · · · + ar−1Xr−1 is denoted by
a0a1 . . .ar−1. In each case I0 = {0,1} ∼= F2 where 0= 00 . . .0 and 1 = 11 . . .1. When r = 3, 5, and 11,
m1 = 1 + X + · · · + Xr−1. Hence I1 = 〈1 + X〉, the principal ideal of Rr generated by 1 + X . For the
ﬁeld I1, the zero element will be denoted 0.
When r = 3, I1 = 〈1+ X〉 ∼= F4. A primitive element of I1 is α = 101. Tables for I0 and I1 are
I0: 0|000‖1|111 I1: 0|000‖α0|011‖α1|101‖α2|110
Notice that τ−1(α) = α2, and multiplying by α in I1 is the same as multiplying by X .
When r = 5, I1 = 〈1+ X〉 ∼= F16. A primitive element of I1 is β = 10001. Tables for I0 and I1 are
I0: 0|000001|11111 I1:
0 00000 β3 10111 β7 01100 β11 01010
β0 01111 β4 11000 β8 10100 β12 11110
β1 10001 β5 01001 β9 11101 β13 00011
β2 10010 β6 11011 β10 00110 β14 00101
Notice that τ−1(β) = β4, and multiplying by β3 in I1 is the same as multiplying by X .
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I1 = 〈(1+ X)(1+ X + X3)〉 ∼= F8, and I1 = 〈(1+ X)(1+ X2 + X3)〉 ∼= F8. A primitive element of I1 is
γ = 1100101 and a primitive element of I2 is δ = τ−1(γ ) = 1101001. Tables for I0, I1, and I2 are
I0: 0|00000001|1111111
I1: 0 0000000 γ
1 1100101 γ 3 0111001 γ 5 0101110
γ 0 1001011 γ 2 1110010 γ 4 1011100 γ 6 0010111
I2: 0 0000000 δ
1 1101001 δ3 0100111 δ5 0011101
δ0 1110100 δ2 1010011 δ4 1001110 δ6 0111010
Notice that multiplying by γ is the same as multiplying by X in I1 and multiplying by δ−1 = δ6 is
the same as multiplying by X in I2.
Now let C be a code of length n over F2 + uF2 with an automorphism σ of odd prime order r
with form
σ = (1,2, . . . , r)(r + 1, r + 2, . . . ,2r) · · · ((c − 1)r + 1, (c − 1)r + 2, . . . , cr). (1)
An automorphism of order r with c-cycles and f = n − cr ﬁxed points such as (1) is called
type r-(c, f ). We denote the r-cycles of σ by Ω1, . . . ,Ωc and the f = n − cr ﬁxed points by
Ωc+1, . . . ,Ωc+ f . For x ∈ C , let x|Ωi denote x restricted to Ωi . If 1  i  c, x|Ωi can be viewed as
an element a0 + a1X + · · · + ar−1Xr−1 ∈Rr . We have that xσ |Ωi = (a0 + a1X + · · · + ar−1Xr−1)X . Let
C(σ ) = {x ∈ C | xσ = x}, and if J = (I1 + uI1) ⊕ · · · ⊕ (It + uIt), let ε(σ ) = {x ∈ C | x|Ω j ∈ J for
1 j  c and x|Ω j = 0 for c + 1 j  c + f }. Also for 1 i  t , let εi(σ ) = {x ∈ C |x|Ω j ∈ Ii + uIi for
1 j  c and x|Ω j = 0 for c + 1 j  c + f }. We have the following.
Theorem 2.2. (See [8, Theorem 2.2].) C = C(σ )⊕ ε(σ ) and ε(σ ) = ε1(σ ) ⊕ · · ·⊕ εt(σ ).
The ring I0 + uI0 is isomorphic to F2 + uF2 under the correspondence a(1+ X + · · · + Xr−1) ↔ a
for a ∈ F2 +uF2. A codeword x ∈ C(σ ) is constant on each r-cycle. Hence x|Ωi = xi(1+ X +· · ·+ Xr−1)
where xi ∈ F2 + uF2 when 1 i  c, and x|Ωi = xi ∈ F2 + uF2 for c+ 1 i  c+ f . For such x ∈ C(σ ),
we deﬁne the projection of x as Φ(x) = x1 . . . xcxc+1 . . . xc+ f ∈ (F2 + uF2)c+ f . Thus Φ(C(σ )) is a code
of length c + f over F2 + uF2. We may view each εi(σ ) as a code of length c + f , where the ﬁrst c
components are in Ii + uIi and the last f components are zeros. Let εi(σ )∗ denote εi(σ ) punctured
on the f ﬁxed points. Considering εi(σ )∗ as a code of length c over Ii + uIi , we deﬁne ε(σ )∗ =
ε1(σ )
∗ ⊕ · · ·⊕ εt(σ )∗ as a code of length c over J .





where x = x1x2 . . . xc and y = y1 y2 . . . yc are in J c . The dual code D⊥ of a code D over J of length
c is
D⊥ = {x ∈ J ∣∣ 〈x,y〉J = 0 for all y ∈D}.
We say that D is self-orthogonal if D ⊆ D⊥ and self-dual if D = D⊥ . Since τ−1 permutes I1, . . . ,It
and hence I1 + uI1, . . . ,It + uIt , there is a permutation λ of 1,2, . . . , t such that τ−1(Ii + uIi) =
Iλ(i) + uIλ(i) .
Theorem 2.3. (See [8, Theorem 2.5].) Let C be a code of length n over F2 +uF2 with automorphism σ as in (1).
The following hold:
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(τ−1(εi(σ )∗))⊥ under 〈·,·〉J .
(ii) Conversely, if Φ(C(σ )) is self-dual under 〈·,·〉, and for 1  i  t, ελ(i)(σ )∗ = (τ−1(εi(σ )∗))⊥ under
〈·,·〉J , then C is self-dual.
We brieﬂy explain the τ -method which is introduced in [1,9] as follows. Let C be a self-dual
code over F2 + uF2 of length n and minimum Lee weight dL . Then its gray image G(C) is a
[2n,n,dL] binary self-dual code with ﬁxed-point-free automorphism τ = (1,2)(3,4) . . . (2n − 1,2n).
Conversely, for D is a [2n,n,d] binary self-dual code D with a ﬁxed-point-free automorphism
τ = (a1,b1)(a2,b2) . . . (an,bn) of order 2, we can ﬁnd an equivalent code D′ by rearranging the coor-
dinates of D in the order of a1,b1,a2,b2, . . . ,an,bn . Then D′ has the ﬁxed-point-free automorphism
τ ′ = (1,2)(3,4) . . . (2n − 1,2n), and G−1(D′) is a self-dual code over F2 + uF2 with minimum Lee
weight dL = d. If D1 and D2 are two inequivalent binary self-dual codes each with ﬁxed-point-free
automorphisms of order 2, then the preimages G−1(D′1) and G−1(D′2) are monomially inequiva-
lent to each other. For a binary self-dual code D with two ﬁxed-point-free automorphisms, τ1 and
τ2, of order 2, we ﬁnd G−1(D′1) and G−1(D′2) by using τ1 and τ2 respectively. Then G−1(D′1) and
G−1(D′2) are monomially equivalent if and only if τ1 and τ2 are conjugate in the automorphism group
of D.
Lemma 2.4. (See [8, Theorem 6.4].) Let C be a Lee-extremal self-dual code of lengths 11 n 20. Then C has
no automorphism of order r with r = 11, 13, 17, or 19.
We denote by gen(εi(σ )∗) the generator matrix of εi(σ )∗ . The following result is obtained from
Lemma 2.4.
Theorem 2.5. Let C be a Lee-extremal self-dual code of lengths 21 and 22. Then C has no automorphism of
order r with r = 11, 13, 17, or 19. Therefore, non-trivial odd orders of automorphisms of the Lee-extremal
self-dual codes of lengths 21 and 22 are only 3, 5, and 7.
Proof. Lee-extremal self-dual codes of lengths 21 and 22 have minimum weight 8. Assume C has
an automorphism of order r where r ∈ {13,17,19}. Then an automorphism σ of order r has one r-
cycle. By the proof of Lemma 2.4, C has no such automorphism. Suppose that C has an automorphism
of order 11. Then C has an automorphism of order 11 with one 11-cycle or two 11-cycles. When
σ of order 11 has one 11-cycle, C cannot have the automorphism σ from Lemma 2.4. Let C be a
Lee-extremal self-dual code of length 22 with an automorphism of type 11-(2,0). We know that
1 + X + · · · + X10 is irreducible over F2. Hence the ﬁeld I1 consists of all even weight 11-tuple. In







μ0 μ0 + ua ], (4)
where μ is a primitive element of I1 and a ∈ I1. For some i, uμi = u + uX leading to a Lee weight
4 codeword in ε1(σ ). Hence (3) is impossible. Consider μ0 + ua. Since μ0 = X + X2 + · · · + X10, it is
enough to check only the following:




X + X2 2,
1+ X + X2 + X3 3,
X + X2 + X3 + X4 4,
1+ X + X2 + X3 + X4 + X5 5,
X + X2 + X3 + X4 + X5 + X6 6,
1+ X + X2 + X3 + X4 + X5 + X6 + X7 7,
X + X2 + X3 + X4 + X5 + X6 + X7 + X8 8,
1+ X + X2 + X3 + X4 + X5 + X6 + X7 + X8 + X9 9,
X + X2 + X3 + X4 + X5 + X6 + X7 + X8 + X9 + X10 10,
(5)
by permutation equivalence. When a is given as in 1,
μ0 + ua = (u v 1 1 · · · 1 ) and
σ
(
μ0 + ua)= (1 u v 1 · · · 1 ).
We have that
(
μ0 + ua)+ σ (μ0 + ua)= ( v 1 u 0 · · · 0 ).
Combination of the vectors [μ0 μ0 + ua ] and σ([μ0 μ0 + ua ]) produces a Lee weight 6 codeword
in ε1(σ ). When a is given as in 2,
μ0 + ua = (0 v v 1 · · · 1 ) and
σ
(
μ0 + ua)= (1 0 v v 1 · · · 1 ).
We have that
(
μ0 + ua)+ σ (μ0 + ua)= (1 v 0 u 0 · · · 0 ).
Combining the vectors [μ0 μ0 + ua ] and σ([μ0 μ0 + ua ]) produces a Lee weight 6 codeword in
ε1(σ ). In a similar way, all the other cases when a is given as 3 through 10 yield Lee weight 6
codewords in ε1(σ ) as well. 
Corollary 2.6. Let C be a Lee-extremal self-dual code. Then C has no automorphism of order 11 with indepen-
dent one or two cycles, and C has no automorphism of order r with independent one cycle, where r = 13,17.
3. Classiﬁcation strategy
For the classiﬁcation of the self-dual codes over F2 + uF2 with type r-(c, f ), our strategy is as
follows.
I. For ﬁnding G(Φ(C(σ ))) of length m = 2(c + f ) with ﬁxed-point-free automorphism τ =
(1,2)(3,4) . . . (2m − 1,2m), we use the following steps:
I.1. We need to select out G(Φ(C(σ ))) with certain coordinates as [10, Remark 1]; this is for
guaranteeing a certain minimum weight of a self-dual code C over F2 + uF2.
I.2. Find all G(Φ(C(σ ))) with ﬁxed-point-free automorphism of order 2.
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of order 2.
I.4. Find all distinct conjugacy classes of ﬁxed-point-free automorphisms of order 2 obtained in
the step I.3, and ﬁnd the corresponding code G(Φ(C(σ ))) for each of conjugacy classes of
ﬁxed-point-free automorphisms of order 2.
I.5. Rearrange the coordinates of G(Φ(C(σ ))) found in the step I.4 so that they have a ﬁxed-
point-free automorphism τ = (1,2)(3,4) . . . (2m − 1,2m).
I.6. We select out G(Φ(C(σ ))) with certain coordinates as the step 1 (for guaranteeing a certain
minimum weight of a self-dual code C over F2 + uF2).
II. By taking preimages of G(Φ(C(σ ))) under G and then Φ ,
II.1. ﬁnd Φ(C(σ )), which is a code over F2 + uF2, and
II.2. ﬁnd the subcode C(σ ).
III. Construct codes C by combining all possible ε(σ ) and all subcodes C(σ ) obtained in the step II.
IV. Take the Gray images G(C) of the codes obtained in the step III, which are binary codes.
V. For ﬁnding inequivalent self-dual codes over F2 + uF2, we use the following steps:
V.1. From the codes G(C) from IV, select out the only codes of minimum weight 8 which are
inequivalent over F2.
V.2. We apply the same procedure in the steps I.3 through I.5 to the collected codes found in the
step V.1.
V.3. By taking the inverse image of the codes in the step V.2 under G, we obtain inequivalent
codes over F2 + uF2.
VI. Find self-dual codes over F2 + uF2 with an automorphism of type r-(c, f ) from C of V.
Remark 3.1. We explain step I.1 of the previous strategy in more detail. Selecting out G(Φ(C(σ )))
in step I.1 involves with heavy computation work. For reducing such a computation load, we do the
following. For classiﬁcation of all self-dual codes over F2 + uF2 with minimum weight 8 having an
automorphism of type 3-(c, f ), we use all self-dual codes over F2 + uF2 of length c + f for Φ(C(σ )).
Therefore, using τ -method, we select out only the self-dual codes over F2 + uF2 of length c + f with
Condition A from the [2(c + f ), c + f , 4] binary self-dual codes found in [7], where Condition A:
All codewords of weight 4 have at least two nonzero coordinates in the c-cycle positions and all
codewords of weight 6 have at least one nonzero coordinate in the c-cycle positions. This process can
be done for the types 5-(c, f ) and 7-(c, f ) in a similar way.
4. Classiﬁcation of extremal self-dual codes of length 21
In this section we classify Lee-extremal self-dual codes over F2 + uF2 of length 21 with an auto-
morphism σ of odd prime order, where σ has c r-cycles and f = n− cr ﬁxed points and σ is ordered
as in (1).
4.1. 3-(4,9)
Let C be a Lee-extremal self-dual code of length 21 having an automorphism of type 3-(4,9). In
completing our classiﬁcations, we need to know all self-dual codes over F2 + uF2 of length 13. We
apply the τ -method to the [26,13, 4] binary self-dual codes found in [7]. To guarantee a certain
minimum weight of a self-dual code C over F2+uF2, we need to select out the subcode part Φ(C(σ ))
with certain coordinates as Remark 3.1, so we obtain two inequivalent self-dual codes with possible
G(Φ(C(σ ))). As in [8], the possibilities for gen(ε1(σ )∗) are
⎡
⎣
α0 α0 α0 α0 + ua
0 uα0 0 uα0
0 0
⎤




or (6)0 0 uα α
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The number of inequivalent self-dual codes with an automorphism of type 3-(4,9).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (6) 2 (6) 3 (7) 4 (7) 5 (7)
C103 2 2 12 12 12
[
α0 0 α0 + ub uα0
0 α0 uα0 α0 + uc
]







Remark 4.1. In Tables 1 through 14 (except Tables 4, 5, 7, 8) the ﬁrst column indicates G ◦ Φ(C(σ )),
which is Ci , the ith code given in [7]. In those tables, we ﬁnd the number of inequivalent self-dual
codes with an automorphism of odd prime order, and n(m) denotes n in Eq. (m). We combine Ci
(the C(σ ) part) with all the possible even subcode parts ε1(σ ) of n(m) or n, and then we select
out only inequivalent codes among them.
We obtain three self-dual codes (respectively, one self-dual code) of length 13 with possible
Φ(C(σ )) by τ -method to the C102 (respectively, the C103). However, three self-dual codes from the
C102 are eliminated by checking the combination of C(σ ) and ε(σ ) for the minimum weight. We
investigate all possible combinations using MAGMA. Therefore, we obtain the following result up to
equivalence.
Theorem 4.2. Up to equivalence, there are exactly 14 Lee-extremal self-dual codes over F2 + uF2 of length 21
having an automorphism of order 3 with four 3-cycles.
4.2. 3-(5,6)
Let C be a Lee-extremal self-dual code with an automorphism of type 3-(5,6). In this case,
Φ(C(σ )) is a self-dual code of length 11. Applying τ -method to the [22,11, 4] binary self-dual
codes [7], we obtain 5 self-dual codes of length 22 with possible G(Φ(C(σ ))) as Remark 3.1. These
codes generate 6 inequivalent code with possible Φ(C(σ )). One of them is obtained from C20. These
are eliminated by checking combinations with gen(ε1(σ )∗) for the minimum weight. As in [8],
gen(ε1(σ )∗) is one of
⎡
⎣
α0 0 α0 α0 α0 + ux
0 α0 α0 α + uy α2 + uz
0 0 uα0 uα2 uα
⎤







We investigate all possible combinations using MAGMA. We list the result in Table 2. From checking
the codes in Table 2 for equivalence, we ﬁnd exactly 24 inequivalent codes.
Theorem 4.3. There exist precisely 24 inequivalent Lee-extremal self-dual codes of length 21 with an auto-
morphism of order 3 having ﬁve 3-cycles.
4.3. 3-(6,3)
Let C be a Lee-extremal self-dual code over F2 + uF2 having an automorphism of type 3-(6,3).
There exists only one binary extremal self-dual code of length 18 with minimum weight 4 and
ﬁx-point-free automorphism of order 2 [7]. From this code, we obtain two inequivalent codes with
possible Φ(C(σ )). In [8], we can ﬁnd gen(ε1(σ )∗).
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The number of inequivalent self-dual codes with an automorphism of type 3-(5,6).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (8) 2 (8) 3 (8)
C17 1 1 1
C21 5 8 10
C22 2 3 5
C25 7 7 7
Table 3
The number of inequivalent self-dual codes with an automorphism of type 3-(6,3).
G ◦ Φ(C(σ )) ε1(σ )∗
1 2 3 4 5 6 7 8 9
C8 0 0 0 0 0 0 4 0 0
G ◦ Φ(C(σ )) ε1(σ )∗
10 11 12 13 14 15 16 17 18
C8 0 2 0 35 5 8 5 0 9
G ◦ Φ(C(σ )) ε1(σ )∗
19 20 21 22 23 24 25 26 27
C8 35 41 8 0 3 4 4 4 4
G ◦ Φ(C(σ )) ε1(σ )∗
28 29 30 31 32 33 34 35 36
C8 4 4 4 4 3 3 4 3 4
Theorem 4.4. Exactly 68 inequivalent Lee-extremal self-dual codes have an automorphism of order 3 having
six 3-cycles and three ﬁxed points.
In Table 3, n denotes the number in [8, Table 12].
4.4. Prime 5
Let C be a Lee-extremal self-dual code over F2 + uF2 of length 21 with an automorphism of
order 5. Since its minimum weight is eight, it cannot have an automorphism of type 5-(1,16). Hence
it has an automorphism of type 5-(2,11), type 5-(3,6), or type 5-(4,1). When the code C has an
automorphism of type 5-(2,11), Φ(C(σ )) is a self-dual code of length 13. In this case, applying the
τ -method to the [26,13, 2] binary self-dual codes found in [7], we obtain 78 possible cases; but all
these codes do not satisfy certain conditions for guaranteeing the minimum weight 8 when they are
combined with ε1(σ )∗ which can be found in [8], therefore, all of them are eliminated. If the code
C has an automorphism of type 5-(3,6) then Φ(C(σ )) is a self-dual code of length 9. Applying τ -
method to the [18,9, 2] binary self-dual codes, we ﬁnd that there are no possible codes for Φ(C(σ ))
with the same reason as above. Let C be a Lee-extremal self-dual code with an automorphism of
type 5-(4,1). Then Φ(C(σ )) is a self-dual code of length 5, and for possible candidates for Φ(C(σ )),
we obtain two possible self-dual codes from the [10,5,2] binary self-dual code C1. The generator
matrices gen(ε1(σ )∗) for ε1(σ )∗ have one of the following forms:
⎡
⎣
β0 β0 β β + ua
0 uβ0 0 uβ11
0 0 uβ0 β0
⎤






β0 0 ua β0 + ub
0 0 4
]
, where a, b, and c are in Table 4, or (10)0 β β + uc ua
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Parameters for gen(ε1(σ )∗) from (10) in order a, b, and c.
Number Parameters Number Parameters Number Parameters Number Parameters
1 0, β5, β5 4 β0, β5,0 7 β,0, β5 10 β,β5, β5
2 β0,0,0 5 β0, β5, β5 8 β,0, β10 11 β,β5, β10
3 β0,0, β5 6 β,0,0 9 β,β5,0
Table 5
Parameters for gen(ε1(σ )∗) from (11) in order a, b, c, and d.
Number Parameters Number Parameters Number Parameters
1 0,0,0,0 17 β0, β4, β4, β5 33 β11,0, β12,0
2 0,0, β7, β3 18 β0, β4, β10, β9 34 β11,0, β2, β3
3 0,0, β12, β8 19 β0, β4, β11, β 35 β11,0,0, β8
4 0,0, β2, β13 20 β0, β4, β8, β12 36 β11,0, β7, β13
5 0, β2, β2,0 21 β0, β8, β8, β5 37 β11, β2, β7,0
6 0, β2, β12, β3 22 β0, β8, β11, β9 38 β11, β2,0, β3
7 0, β2, β7, β8 23 β0, β8, β10, β11 39 β11, β2, β2, β8
8 0, β2,0, β13 24 β0, β8, β4, β12 40 β11, β2, β12, β13
9 0, β7, β7,0 25 β0, β10, β10, β5 41 β11, β7, β2,0
10 0, β7,0, β3 26 β0, β10, β4, β9 42 β11, β7, β12, β3
11 0, β7, β2, β8 27 β0, β10, β8, β11 43 β11, β7, β7, β8
12 0, β7, β12, β13 28 β0, β10, β11, β12 44 β11, β7,0, β13
13 0, β12, β12,0 29 β0, β11, β11, β5 45 β11, β12,0,0
14 0, β12, β2, β3 30 β0, β11, β8, β9 46 β11, β12, β7, β3
15 0, β12,0, β8 31 β0, β11, β4, β11 47 β11, β12, β12, β8
16 0, β12, β7, β13 32 β0, β11, β10, β12 48 β11, β12, β2, β13
[
β0 0 β + ua β2 + ub
0 β0 β2 + uc β13 + ud
]
, where a, b, c, and d are in Table 5. (11)
Finally, we investigate all possible combinations, so we obtain the result shown in Table 6.
Theorem 4.5. There exist precisely 31 inequivalent Lee-extremal self-dual codes of length 21 having an auto-
morphism of order 5. They all have an automorphism of type 5-(4,1).
4.5. Prime 7
Let C be a Lee-extremal self-dual code over F2 + uF2 of length 21 with an automorphism of
order 7. From [8, Theorem 6.3], we note that C cannot have an automorphism of type 7-(1,14). When
C has an automorphism of type 7-(2,7), Φ(C(σ )) is a self-dual code of length 9. In this case, we
apply the τ -method to the [18,9, 2] binary self-dual codes found in [7]; but all possible self-dual
codes obtained do not satisfy certain conditions for guaranteeing the minimum weight 8, therefore,
all of them are eliminated. When σ is of type 7-(3,0), by reducing rows and permuting columns,
gen(ε1(σ )∗) reduces to one of
[
uγ 0 ua ub
]
, where (a,b) = (0,0), (12)
[
γ 0 c d
]
, where c and d are in Table 7, (13)
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The number of inequivalent self-dual codes with an automorphism of type 5-(4,1).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (9) 2 (9) 1 (10) 2 (10) 3 (10) 4 (10) 5 (10)
C1 0 0 0 1 2 2 1
G ◦ Φ(C(σ )) ε1(σ )∗
6 (10) 7 (10) 8 (10) 9 (10) 10 (10) 11 (10) 1 (11)
C1 0 0 0 0 1 1 2
G ◦ Φ(C(σ )) ε1(σ )∗
2 (11) 3 (11) 4 (11) 5 (11) 6 (11) 7 (11) 8 (11)
C1 6 6 3 3 8 8 3
G ◦ Φ(C(σ )) ε1(σ )∗
9 (11) 10 (11) 11 (11) 12 (11) 13 (11) 14 (11) 15 (11)
C1 3 6 8 4 3 8 6
G ◦ Φ(C(σ )) ε1(σ )∗
16 (11) 17 (11) 18 (11) 19 (11) 20 (11) 21 (11) 22 (11)
C1 4 6 5 6 4 3 4
G ◦ Φ(C(σ )) ε1(σ )∗
23 (11) 24 (11) 25 (11) 26 (11) 27 (11) 28 (11) 29 (11)
C1 6 4 3 5 6 5 6
G ◦ Φ(C(σ )) ε1(σ )∗
30 (11) 31 (11) 32 (11) 33 (11) 34 (11) 35 (11) 36 (11)
C1 4 6 5 6 4 3 8
G ◦ Φ(C(σ )) ε1(σ )∗
37 (11) 38 (11) 39 (11) 40 (11) 41 (11) 42 (11) 43 (11)
C1 8 4 3 8 8 4 2
G ◦ Φ(C(σ )) ε1(σ )∗
44 (11) 45 (11) 46 (11) 47 (11) 48 (11)
C1 8 6 4 3 8
Table 7
Parameters for gen(ε1(σ )∗) from (13) in order c,d.
Number Parameters Number Parameters Number Parameters
1 γ 0, γ 0 5 uγ 0, γ 0 + uγ 0 9 γ 0 + uγ 0, γ 0 + uγ 3
2 γ 0,uγ 0 6 γ 0, γ 0 + uγ 3 10 γ 0 + uγ 3, γ 0 + uγ 3
3 γ 0, γ 0 + uγ 0 7 uγ 0,uγ 0
4 γ 0,uγ 3 8 γ 0 + uγ 0, γ 0 + uγ 0
[
uγ 0 0 uγ 0




γ 0 0 e + u f
0 uγ 0 uγ 0
]
, where (e, f ) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(0, γ 0) 1,
(γ 0,0) 2,
(γ 0, γ 0) 3,
(γ 0, γ 3) 4,
and (15)
[
γ 0 γ 0 x+ uy
0
]
, where x, y, and z are in Table 8. (16)0 uγ uz
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Parameters for gen(ε1(σ )∗) from (16) in order x, y, z.
Number Parameters Number Parameters Number Parameters
1 0,0, γ 0 6 γ 0, γ 0, γ 0 11 γ 0, γ 3, γ 6
2 γ 0,0,0 7 γ 0, γ 0, γ 3 12 γ 0, γ 3, γ 9
3 γ 0,0, γ 0 8 γ 0, γ 3,0 13 0, γ 0,0
4 γ 0,0, γ 3 9 γ 0, γ 3, γ 0 14 0, γ 0, γ 0
5 γ 0, γ 0,0 10 γ 0, γ 3, γ 3 15 0, γ 0, γ 3
Table 9
The number of inequivalent self-dual codes with an automorphism of type 7-(3,0).
G ◦ Φ(C(σ )) ε1(σ )∗
(12) 1 (13) 2 (13) 3 (13) 4 (13) 5 (13)
C1 0 2 0 2 2 0
G ◦ Φ(C(σ )) ε1(σ )∗
6 (13) 7 (13) 8 (13) 9 (13) 10 (13) (14)
C1 1 0 2 3 2 0
G ◦ Φ(C(σ )) ε1(σ )∗
1 (15) 2 (15) 3 (15) 4 (15) 1 (16) 2 (16)
C1 0 1 1 1 1 1
G ◦ Φ(C(σ )) ε1(σ )∗
3 (16) 4 (16) 5 (16) 6 (16) 7 (16) 8 (16)
C1 1 0 1 1 0 1
G ◦ Φ(C(σ )) ε1(σ )∗
9 (16) 10 (16) 11 (16) 12 (16) 13 (16) 14 (16)
C1 1 0 0 0 0 1
G ◦ Φ(C(σ )) ε1(σ )∗
15 (16)
C1 1
In this case, we apply the τ -method to a unique [6,3,2] binary self-dual code found in [7] to
ﬁnd Φ(C(σ )). Therefore, we obtain two inequivalent codes with Φ(C(σ )). We investigate all possible
combinations of Φ(C(σ )) with ε1(σ )∗ using MAGMA.
Theorem 4.6. Up to equivalence, there are exactly 8 Lee-extremal self-dual codes of length 21 with an auto-
morphism of order 7. They all have an automorphism of type 7-(3,0). (See Table 9.)
5. Classiﬁcation of extremal self-dual codes of length 22
In this section we work on classifying Lee-extremal self-dual codes over F2 + uF2 of length 22
with an automorphism σ of odd prime order, where σ has c r-cycles and f = n− cr ﬁxed points and
is ordered as in (1).
5.1. 3-(4,10)
Let C be a Lee-extremal self-dual code of length 22 having an automorphism of type 3-(4,10). For
complete classiﬁcation of this case, we need to have all self-dual codes over F2 + uF2 of length 14.
We apply the τ -method to the [28,14, 4] binary self-dual codes found in [7] to obtain possible
self-dual codes as Φ(C(σ )).
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The number of inequivalent self-dual codes with an automorphism of type 3-(4,10).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (6) 2 (6) 3 (7) 4 (7) 5 (7)
C112 103 103 202 234 197
C132 2 2 6 6 6
C137 10 10 33 37 35
C138 65 65 215 234 221
C165 0 0 2 2 2
C166 68 68 145 145 131
C175 21 21 62 62 54
C183 20 20 50 50 42
C189 0 0 2 2 2
C212 0 0 8 8 8
C220 17 17 27 27 27
C222 14 12 19 39 23
C226 85 85 163 167 157
C237 18 18 51 51 51
C250 0 0 14 14 14
C255 41 41 54 54 52
C259 14 20 41 80 29
C260 97 97 179 282 209
C261 55 64 111 197 102
Table 11
The number of inequivalent self-dual codes with an automorphism of type 3-(5,7).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (8) 2 (8) 3 (8)
CD9 10 10 10
CS27 12 14 14
CS32 87 104 104
CS33 2 2 2
CS34 28 60 63
CS37 6 9 9
CS46 58 71 72
Theorem 5.1. Up to equivalence, there are exactly 2052 Lee-extremal self-dual codes of length 22 with an
automorphism of type 3-(4,10). (See Table 10.)
5.2. 3-(5,7)
Let C be a Lee-extremal self-dual code of length 22 with an automorphism of order 3 with ﬁve
3-cycles. We obtain Φ(C(σ )) applying the τ -method to the [24,12, 4] binary self-dual codes in [7].
We ﬁnd exactly 273 inequivalent codes for this case.
Theorem 5.2. There exist precisely 273 inequivalent Lee-extremal self-dual codes of length 22 with an auto-
morphism of order 3 having ﬁve 3-cycles.
In Table 11, CDi is i-th doubly-even code and CSi is i-th singly-even code as given in [7].
5.3. 3-(6,4)
Let C be a Lee-extremal self-dual code of length 22 with an automorphism of type 3-(6,4). We
obtain codes Φ(C(σ )) by applying the τ -method to the [20,10,4] binary self-dual codes in [7]. By
checking equivalence of codes in Table 12, we obtain the following result.
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The number of inequivalent self-dual codes with an automorphism of type 3-(6,4).
G ◦ Φ(C(σ )) ε1(σ )∗
1 2 3 4 5 6 7 8 9
C10 0 0 0 0 0 0 2 0 0
C11 0 0 0 0 0 0 0 0 0
C12 4 4 0 0 0 0 73 0 0
C13 6 6 0 0 0 0 163 0 0
C14 0 0 0 0 0 0 27 0 0
C15 0 0 0 0 0 0 19 0 0
C16 0 0 0 0 0 0 8 0 0
G ◦ Φ(C(σ )) ε1(σ )∗
10 11 12 13 14 15 16 17 18
C10 0 2 0 5 1 1 1 0 1
C11 0 4 0 8 4 4 4 0 4
C12 0 151 0 239 35 44 37 0 48
C13 0 162 0 656 45 62 45 0 62
C14 0 97 0 137 14 21 14 0 18
C15 0 40 0 66 9 15 9 0 15
C16 0 10 0 16 1 2 1 0 2
G ◦ Φ(C(σ )) ε1(σ )∗
19 20 21 22 23 24 25 26 27
C10 5 5 1 0 2 2 2 2 2
C11 8 8 4 0 4 0 0 0 0
C12 239 330 43 0 125 198 248 225 198
C13 635 808 62 0 223 393 497 469 386
C14 104 307 30 0 55 78 155 103 79
C15 61 70 15 0 40 49 49 49 49
C16 16 24 2 0 13 15 19 17 15
G ◦ Φ(C(σ )) ε1(σ )∗
28 29 30 31 32 33 34 35 36
C10 2 2 2 2 2 2 2 2 2
C11 0 0 0 0 4 4 0 4 0
C12 244 227 83 99 126 150 89 168 73
C13 497 465 186 212 193 251 212 250 172
C14 151 108 45 77 48 107 65 126 27
C15 49 49 19 19 40 40 19 40 19
C16 19 17 6 8 9 15 8 15 8
Theorem 5.3. There exist precisely 4189 inequivalent Lee-extremal self-dual codes of length 22 with an auto-
morphism of order 3 having six 3-cycles.
5.4. Prime 5
Let C be a Lee-extremal self-dual code over F2 + uF2 of length 22 with an automorphism of or-
der 5. It cannot have an automorphism of type 5-(1,17) since its minimum weight is eight. Hence it
has an automorphism of type 5-(2,11), type 5-(3,7), or type 5-(4,2). When the code C has an auto-
morphism of type 5-(2,12), Φ(C(σ )) is a self-dual code of length 14. We ﬁnd the code Φ(C(σ ))
by applying the τ -method to the [28,14, 2] binary self-dual codes found in [7], and we have
gen(ε1(σ )∗) in [8]. We ﬁnd that using MAGMA, all possible combinations of Φ(C(σ )) with ε1(σ )∗ are
eliminated because of the minimum weight problem as before. If the code C has an automorphism of
type 5-(3,7) then Φ(C(σ )) is a self-dual code of length 10. Applying τ -method to the [20,10, 2]
binary self-dual codes, we ﬁnd that there is no possible code for Φ(C(σ )). Let C be a Lee-extremal
self-dual code with an automorphism of type 5-(4,2). In this case, Φ(C(σ )) is a self-dual code of
length 6. We obtain nine possible self-dual codes from the [12,6, 2] binary self-dual codes.
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The number of inequivalent self-dual codes with an automorphism of type 5-(4,2).
G ◦ Φ(C(σ )) ε1(σ )∗
1 (9) 2 (9) 1 (10) 2 (10) 3 (10) 4 (10) 5 (10)
C1 1 1 3 0 1 1 3
C3 3 3 7 0 4 4 7
G ◦ Φ(C(σ )) ε1(σ )∗
6 (10) 7 (10) 8 (10) 9 (10) 10 (10) 11 (10) 1 (11)
C1 3 1 1 1 0 0 3
C3 7 4 4 4 0 0 7
G ◦ Φ(C(σ )) ε1(σ )∗
2 (11) 3 (11) 4 (11) 5 (11) 6 (11) 7 (11) 8 (11)
C1 3 3 3 3 3 3 3
C3 12 12 7 7 17 17 7
G ◦ Φ(C(σ )) ε1(σ )∗
9 (11) 10 (11) 11 (11) 12 (11) 13 (11) 14 (11) 15 (11)
C1 6 3 3 6 6 3 3
C3 10 12 17 14 13 17 12
G ◦ Φ(C(σ )) ε1(σ )∗
16 (11) 17 (11) 18 (11) 19 (11) 20 (11) 21 (11) 22 (11)
C1 6 4 6 5 5 4 6
C3 14 15 16 17 4 8 14
G ◦ Φ(C(σ )) ε1(σ )∗
23 (11) 24 (11) 25 (11) 26 (11) 27 (11) 28 (11) 29 (11)
C1 5 5 4 6 5 5 4
C3 17 14 8 16 17 16 15
G ◦ Φ(C(σ )) ε1(σ )∗
30 (11) 31 (11) 32 (11) 33 (11) 34 (11) 35 (11) 36 (11)
C1 6 5 5 3 6 6 3
C3 14 17 16 12 14 10 17
G ◦ Φ(C(σ )) ε1(σ )∗
37 (11) 38 (11) 39 (11) 40 (11) 41 (11) 42 (11) 43 (11)
C1 3 6 6 3 3 6 6
C3 17 14 14 17 17 14 10
G ◦ Φ(C(σ )) ε1(σ )∗
44 (11) 45 (11) 46 (11) 47 (11) 48 (11)
C1 3 3 6 6 3
C3 17 12 14 10 17
We investigate all possible combinations. Finally, we obtain the following result.
Theorem 5.4. There exist precisely 106 inequivalent Lee-extremal self-dual codes of length 22 having an au-
tomorphism of order 5. They all have an automorphism of type 5-(4,2). (See Table 13.)
5.5. Prime 7
Let C be a Lee-extremal self-dual code over F2 + uF2 of length 22 with an automorphism of
order 7. When C has an automorphism of order 7 with one 7-cycle or two 7-cycles, all possible cases
for Φ(C(σ )) are eliminated with a similar reason as in Section 4.5. Assume that σ is of type 7-(3,1).
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The number of inequivalent self-dual codes with an automorphism of type 7-(3,1).
G ◦ Φ(C(σ )) ε1(σ )∗
(12) 1 (13) 2 (13) 3 (13) 4 (13) 5 (13)
Cs 0 2 1 2 3 1
Cd 2 0 1 1 3 1
G ◦ Φ(C(σ )) ε1(σ )∗
6 (13) 7 (13) 8 (13) 9 (13) 10 (13) (14)
Cs 1 1 2 4 3 0
Cd 1 2 1 5 3 0
G ◦ Φ(C(σ )) ε1(σ )∗
1 (15) 2 (15) 3 (15) 4 (15) 1 (16) 2 (16)
Cs 1 0 0 1 0 0
Cd 1 0 0 1 0 0
G ◦ Φ(C(σ )) ε1(σ )∗
3 (16) 4 (16) 5 (16) 6 (16) 7 (16) 8 (16)
Cs 0 0 0 0 1 1
Cd 0 2 0 0 3 1
G ◦ Φ(C(σ )) ε1(σ )∗
9 (16) 10 (16) 11 (16) 12 (16) 13 (16) 14 (16)
Cs 1 0 1 1 1 0
Cd 1 0 3 3 1 0




In this case, Φ(C(σ )) is obtained by applying the τ -method to the [8,4, 2] binary self-dual codes
found in [7]. From Section 4.5, we ﬁnd gen(ε1(σ )∗).
Theorem 5.5. There are exactly 33 Lee-extremal self-dual codes of length 22with an automorphism of order 7.
They all have an automorphism of type 7-(3,1), up to equivalence.
In Table 14, Cd is a doubly-even code of length 8 and Cs is a singly-even code of length 8 as given
in [7].
6. Extension
For computation of self-dual codes with an automorphism of order 3 with seven cycles, we use an
extension method. This extension method is initially used by Harada in 1997 for binary codes [6]. As
explained in Section 2, we need to ﬁnd self-dual codes of length 7 over I1 + uI1 ∼= F4 + uF4 for the
even subcode part ε1(σ )∗ , and the self-dual codes of length 7 over F4 + uF4 can be obtained from
the self-dual codes over F4 + uF4 of length 5 using the extension method in Theorem 6.1.
For two vectors u = (u1,u2, . . . ,un) and v = (v1, v2, . . . , vn) in (F4 + uF4)n , we deﬁne the inner
product 〈·,·〉H to be 〈u,v〉H =∑ni=1 ui ·H(vi), where H(a + bu) = a−1 + b−1u for a + bu ∈ F4 + uF4.
We discuss construction methods for self-dual codes over F4 + uF4 under 〈·,·〉H , and by using the
methods we obtain self-dual codes over F4 + uF4 of length 7 from Hermitian self-dual codes over
F4 +uF4 of length 5 under 〈·,·〉H . The following theorem constructs self-dual codes by increasing the
code length by two.
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generates a self-dual code C over R of length n + 2 under 〈·,·〉H .
Proof. The proof is very similar to that of [11, Proposition 2.1]. 
We ﬁnd three inequivalent self-dual codes (8) over F4 + uF4 in Section 4.5. We apply Theorem 6.1
to the codes (8). The following vectors are x vector in Theorem 6.1.
(








uα0 uα0 α2 + uα α2 + uα α0 ), (19)
(
uα0 uα0 α2 + uα α2 + uα α ), (20)
(
uα0 uα0 α2 + uα α2 + uα α2 ), (21)
(
uα0 uα0 α2 + uα α2 + uα vα0 ), (22)
(
uα0 uα0 α2 + uα α2 + uα vα ), (23)
(
uα0 uα0 α2 + uα α2 + uα vα2 ), (24)
(
uα0 uα0 α2 + uα α + uα2 α0 ), (25)
(
uα0 uα0 α2 + uα α + uα2 α ). (26)
Therefore, we obtain 10 inequivalent self-dual codes over F4 +uF4 of length seven. From these codes,
we ﬁnd inequivalent Lee-extremal self-dual codes over F2 + uF2 of lengths 21 and 22 having an
automorphism of order 3 with seven 3-cycles.
6.1. 3-(7,0)
We construct Lee-extremal self-dual codes over F2 + uF2 of length 21 with an automorphism of
order 3 with seven 3-cycles. When ε1(σ )∗ is as given in (8), we take the vector from (17) to (26) as x
vector in Theorem 6.1. In Table 15, we take C4 as G ◦Φ(C(σ )), where C4 is the binary self-dual codes
of length 14 which is the fourth code in [7].
By checking equivalence for 99 codes given in Table 15, we obtain 12 inequivalent self-dual codes.
Theorem 6.2. There are at least 12 Lee-extremal self-dual codes of length 21 with an automorphism of type
3-(7,0), up to equivalence.
988 H.J. Kim, Y. Lee / Finite Fields and Their Applications 18 (2012) 971–992Table 15
The number of inequivalent self-dual codes with an automorphism of type 3-(7,0) for C4.
ε1(σ )
∗ x
(17) (18) (19) (20) (21)
1 (8) 0 0 8 6 0
2 (8) 0 0 10 10 0
3 (8) 0 0 5 5 0
ε1(σ )
∗ x
(22) (23) (24) (25) (26)
1 (8) 3 8 0 0 6
2 (8) 6 7 0 0 3
3 (8) 10 6 0 0 6
Table 16
The number of inequivalent self-dual codes with an automorphism of type 3-(7,1) for C5.
ε1(σ )
∗ x
(17) (18) (19) (20) (21)
1 (8) 43 43 108 69 40
2 (8) 40 40 110 110 43
3 (8) 40 40 77 77 40
ε1(σ )
∗ x
(22) (23) (24) (25) (26)
1 (8) 45 108 43 0 69
2 (8) 69 80 40 0 45
3 (8) 110 76 40 0 69
6.2. 3-(7,1)
We construct Lee-extremal self-dual codes over F2 + uF2 of length 22 with an automorphism of
order 3 with seven 3-cycles. When ε1(σ )∗ is as given in 1 (8), we take the vector from (17) to (26)
as x vector in Theorem 6.1. In Table 16, we take C5 as G◦Φ(C(σ )), where C5 is the binary singly-even
self-dual codes of length 16 which is the ﬁfth code in [7].
We thus obtain the following result.
Theorem 6.3. There are at least 167 inequivalent Lee-extremal self-dual codes of length 22 with an automor-
phism of type 3-(7,1).
7. Some of the generator matrices
In this section, we list some of our computation results. We present the generator matrices of all
extremal self-dual codes of lengths 21 and 22 with an automorphism of order 7 and of length 21
with an automorphism of order 5.
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We obtain the following result by checking equivalence of the codes which are found in Section 4.
Theorem 8.1. There are at least 138 inequivalent Lee-extremal self-dual codes of length 21 with an automor-
phism of odd prime order, and there are at least 107 inequivalent Lee-extremal self-dual codes of length 21
with an automorphism of order 3.
We have the following result by checking equivalence of the codes which are obtained from Sec-
tion 5.
Theorem 8.2. There are at least 6723 inequivalent Lee-extremal self-dual codes of length 22 with an auto-
morphism of odd prime order, and there are at least 6608 inequivalent Lee-extremal self-dual codes of length
22 with an automorphism of order 3.
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